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What are these lectures about?

I Efficient, exact, “combinatorial” algorithms for flow problems

I Especially “strongly polynomial” algorithms

I Lecture 1: Maximum flow

I Lecture 2: Minimum cost flow

I Lectures 3 and 4: Generalized flows
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Today’s lecture

I Two basic polynomial-time max flow algorithms

I The notion of strongly polynomial time

I A faster (and strongly polynomial) algorithm
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Maximum flow

Given: Directed graph G = (V ,E), edge capacities u : E → R+,
source s ∈ V , sink t ∈ V
Goal: Find an s-t-flow of maximum value.

I An s-t-flow is a function f : E → R+ s.t.

∇fi :=
∑

e∈δ−(i)

f (e)−
∑

e∈δ+(i)

f (e) = 0 ∀i ∈ V \ {s, t}.

The value of the flow is

value(f ) := ∇ft = −∇fs.
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Augmenting paths and the residual graph

I Assume E has no parallel edges or digons.

Let
↔
E := E ∪ {rev(e) : e ∈ E}.

For f : E → R+ with 0 ≤ f ≤ u, define uf :
↔
E → R+ by

uf (e) =

{
u(e)− f (e) if e ∈ E
f (rev(e)) if rev(e) ∈ E

Let Ef = supp(uf ) ⊆
↔
E .
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Some reminders
Max-flow min-cut

max
flows f

value(f ) = min
S⊆V :s∈S,t /∈S

u(δ+(S)).

I Given any flow f ,

value(f ∗) = value(f ) + min
S⊆V :s∈S,t /∈S

uf (δ+(S)).

Flow decomposition

If f is a flow, then f =
∑k

i=1 λiχ(Pi ), where k ≤ m, λi ≥ 0, Pi is
either an s-t-path or a cycle.
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Ford-Fulkerson isn’t polynomial
1: while ∃ s-t path P in Ef do
2: f ← augment(f ,P)
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Capacity scaling Edmonds-Karp ’72 / Ahuja-Orlin ’91

Idea: Try to use paths where we can send a lot of flow.

I For this algorithm, we’ll assume integer capacities.

I Define, for any ∆ > 0, E∆
f := {e ∈ Ef : uf (e) ≥ ∆}.

1: U := maxe∈E u(e), f ← 0
2: ∆← 2blog2 Uc

3: while ∆ ≥ 1 do
4: while ∃ s-t path P in E∆

f do
5: f ← augment(f ,P)
6: ∆← ∆/2
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Analysis
Lemma

This algorithm returns a maximum flow.

Lemma

Each phase (where ∆ is constant) has at most 2m augmenta-
tions.

9



10



Second algorithm: shortest paths Edmonds-Karp ’72

1: while ∃ s-t path in Ef do
2: Choose P to be a shortest s-t-path in Ef
3: f ← augment(f ,P)
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Strongly and weakly polynomial

I Weakly polynomial: polynomial time in the Turing model

An algorithm is strongly polynomial if:
1. Number of arithmetic operations is polynomial in the number

of integers in the input (e.g., size of the graph)

2. Encoding lengths of numbers computed during execution are
polynomial in input encoding length
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Why care about strongly polynomial?

I Always faster in some parameter regimes (huge capacities)

I Finding a strongly polynomial algorithm often requires new, useful
insights

I Performance of weakly polynomial algorithms tied up with the
particular “standard” representation of integers and rationals

14



A holy grail

“Strongly polynomial linear
programming has been a holy
grail for the theory of algorithms
for several decades.”

Bárász and Vempala

I One of Smale’s 18 problems

I Consider an LP

min cT x s.t. Ax = b, x ≥ 0,

where A ∈ {0,1,−1}mn and each column of A has one +1 and one
−1 entry.
I This corresponds to min cost flow.

I The question of feasibility corresponds to max flow.
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A faster strongly polynomial algorithm
Definition

A preflow is a function f : E → R+ where

f (e) ≤ u(e) ∀e ∈ E
∇fi ≥ 0 ∀i ∈ V \ {s, t}

I A node i ∈ V is active if v /∈ {s, t} and ∇fi > 0.

d : V → Z is called a valid distance labelling for f if d(t) = 0,
d(i) ≤ d(j) + 1 for ij ∈ Ef

I An edge ij ∈
↔
E is admissable (w.r.t. d) if d(j) = d(i) − 1 and

ij ∈ Ef .
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Push-relabel Goldberg-Tarjan ’88

1: d(i)← SPE (i , t) ∀i ∈ V
2: f (e) = u(e) ∀e ∈ δ+(s); d(s)← n
3: while ∃ an active node do
4: Pick i to be an active node with largest d(i)
5: if ∃j s.t. ij admissable then
6: Push δ := min{∇fi ,uf (ij)} units of flow from i to j
7: else
8: d(i)← min{d(k ) + 1 : ik ∈ Ef}
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Lemma

At any point in the algorithm, d is a valid labelling.

Lemma

If the push-relabel algorithm terminates, it terminates with a max
flow.
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Lemma

Throughout the algorithm, ∃ i-s-path in Ef for any active i .

Lemma

d(i) < 2n for all i ∈ V . Hence the algorithm performs at most 2n2

relabellings.
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1: d(i)← SPE (i , t) ∀i ∈ V
2: f (e) = u(e) ∀e ∈ δ+(s); d(s)← n
3: while ∃ an active node do
4: Pick i to be an active node with largest d(i)
5: if ∃j s.t. ij admissable then
6: Push δ := min{∇fi ,uf (ij)} units of flow from i to j
7: else
8: d(i)← min{d(k ) + 1 : ik ∈ Ef}

Call a push operation saturating if δ = uf (ij), nonsaturating other-
wise.
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Lemma

There are at most mn saturating pushes.
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Lemma

There are at most O(n3) nonsaturating pushes.
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State of the art for max flow

I Fastest strongly polynomial algorithm: O(mn) Orlin ’13 (using
King-Rao-Tarjan ’94 and Goldberg-Rao ’98)

I Fastest weakly polynomial algorithm: Õ(m
√

n polylog(U))
Lee-Sidford ’13
Befre then, combinatorial algorithm of Goldberg-Rao ’98

Unit capacities: Õ(m10/7) Mądry ’13

I ε-approximate maximum flows in undirected graphs: Õ(m) Peng
’16, building on many papers using electrical networks Christiano et
al., Lee et al., Sherman, Kelner et al., . . . .
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Exercise
Consider a variant of the push-relabel algorithm where instead of
choosing the active node with largest label, we choose the active node
with smallest label.
Prove that the number of nonsaturating pushes is bounded by O(mn2).
(This is a worse bound than what we achieved with the largest label,
but still strongly polynomial).
Hint: use a potential function that involves the labels of the active
nodes.
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